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a b s t r a c t
In this paper, we investigate the fault-tolerant edge-bipancyclicity of an n-dimensional star
graph Sn. Given a set F comprised of faulty vertices and/or edges in Sn with |F | ≤ n− 3 and
any fault-free edge e in Sn − F , we show that there exist cycles of every even length from
6 to n! − 2|Fv | in Sn − F containing e, where n ≥ 3. Our result is optimal because the star
graph is both bipartite and regular with the common degree n−1. The length of the longest
fault-free cycle in the bipartite Sn is n! − 2|Fv | in the worst case, where all faulty vertices
are in the same partite set. We also provide some sufficient conditions from which longer
cycles with length from n! − 2|Fv | + 2 to n! − 2|Fv | can be embedded.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
In recent decades, many interconnection networks (networks for short) have been proposed to serve as the underlying
topologies of large-scale multiprocessor systems [2,5,22]. One of the best known of these networks is the star graph, which
belongs to a class of Cayley graphs [2], and is viewed as an attractive alternative to the hypercube [1]. The star graph also
hasmany favorable topological properties such as recursiveness, symmetry,maximal fault tolerance, sub-logarithmic degree
and diameter, and strong resilience [1,2,9,31]. Many efficient communication algorithms have been studied in star graphs
such as shortest-path routing [31], multiple-path routing [9], broadcasting [27], and scattering algorithms [10].
An interconnection network is usually represented by a graph. Given a graph G as the guest graph and a graph H as the
host graph, the isomorphic embedding (embedding for short) [35,36] is to find a mapping from each vertex of G to one of
H , and a mapping from each edge of G to one of H . It has been shown that star graphs can embed paths [11,17–19,26,30],
meshes [23,32], trees [4], and hypercubes [29].
One of the most popular embedding is to find a cycle of a given length in a host graph. Moreover, when a network is
put into use, vertex and/or edge failures may occur unexpectedly, and hence, it is important to consider faulty networks.
The fault-tolerant embedding on various faulty networks has received a great deal of attention in recent years [7,12–16,20,
21,25,30,31,33,34]. Let Fe and Fv be the sets of faulty edges and faulty vertices in a given star graph, respectively. Tseng et
al. [33] showed that a fault-free cycle1 of length n! − 4|Fv| can be embedded in an n-dimensional star graph Sn with at most
n − 3 faulty elements. Furthermore, it has been shown that a longer fault-free cycle of length n! − 2|Fv| can be embedded
in a faulty Sn [7,8,11,15,19,30]. Jwo et al. [23] showed that there are cycles of every even length from 6 to n! in a fault-free
Sn. Furthermore, Li [25] showed that there are cycles of every even length from 6 to n! in Sn with |Fe| ≤ n− 3. Xu et al. [34]
∗ Corresponding author. Tel.: +886 6 2757575.
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1 A cycle is said to be fault-free if it does not contain any faulty vertex and faulty edge.
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Table 1
Previous results on cycle embedding in Sn , where the result (b) is for n ≥ 6 and the others are for n ≥ 4
Reference Condition Result Type
(a) [33] |Fe| + |Fv | ≤ n− 3 Sn − Fe − Fv can embed a cycle of length at least n! − 4|Fv | Hybrid faults
(b) [19] |Fv | ≤ n− 5 Sn − Fv can embed a cycle of length at least n! − 2|Fv | Vertex faults
(c) [8,11,15] |Fv | ≤ n− 3 Sn − Fv can embed a cycle of length at least n! − 2|Fv | Vertex faults
(d) [7] |Fe| + |Fv | ≤ n− 3 Sn − Fe − Fv can embed a cycle of length at least n! − 2|Fv | Hybrid faults
(e) [30] |Fe| + |Fv | ≤ n− 2 Sn − Fe − Fv can embed a cycle of length at least n! − 2|Fv | Hybrid faults
(f) [23] |Fe| = |Fv | = 0 Sn can embed cycles of every even length from 6 to n! Fault-free
(g) [25] |Fe| ≤ n− 3 Sn − Fe can embed cycles of every even length from 6 to n! Edge faults
(h) [34] |Fe| ≤ n− 3 Sn−Fe can embed cycles of every even length from6 to n! containing a given
fault-free edge
Edge faults
(i) This paper |Fe| + |Fv | ≤ n− 3 Sn − Fe − Fv contains a cycle of every even length from 6 to n! − 2|Fv | on
which any fault-free edge lies
Hybrid faults
improved the above result by showing that every fault-free edge lies on a cycle of every even length from 6 to n! in Sn with
|Fe| ≤ n − 3. In this paper, for any fault-free edge e in Sn, we show that every fault-free edge lies on cycles of every even
length from 6 to n! − 2|Fv| in Sn − Fe − Fv with |Fe| + |Fv| ≤ n− 3. We also provide some sufficient conditions from which
longer cycles with length from n! − 2|Fv| + 2 to n! − 2|Fv| can be embedded. Table 1 summarizes the above results.
The remainder of this paper is organized as follows. In Section 2, we introduce some basic definitions, notations, and
useful properties for our method. Next, we show our main result in Section 3. In Section 4, we provide some sufficient
conditions from which longer cycles can be embedded. Finally, we conclude this paper with some remarks in Section 5.
2. Preliminaries
A graph G = (V , E) consists of a vertex set V (G) and an edge set E(G), where V is a finite set and E is a subset of
{(u, v)| (u, v) is an unordered pair and u, v ∈ V}. A subgraph of G = (V , E) is a graph (V ′, E ′) such that V ′ ⊆ V and
E ′ ⊆ E. In this paper, we interchangeably use these terms: graph and network, vertex and node, edge and link.
Two vertices u and v in an edge e = (u, v) are said to be the endpoints of e, and they are adjacent. A path P[v0, vk] =
⟨v0, v1, . . . , vk⟩ is a sequence of distinct vertices in which any two consecutive vertices are adjacent. The endpoints of the
path P[v0, vk] are v0 and vk. The length of a path is the number of edges on the path. Two paths P1 and P2 are disjoint if
they have no common vertex and edge. Moreover, two paths P1[v0, vk] and P2[v0, vk] are internally disjoint if they have no
common internal vertex. Given two disjoint paths P1[v0, vk] and P2[vk+1, vl], where vk and vk+1 are adjacent, we define
P1 + P2 = ⟨v0, . . . , vk, vk+1, . . . , vl⟩ as a concatenated path which combines P1[v0, vk] with P2[vk+1, vl]. A cycle in a graph
G is a sequence of vertices ⟨v0, v1, . . . , vk⟩, where k ≥ 3, such that v0, v1, . . . , vk−1 are all distinct, v0 = vk, and any two
consecutive vertices vi and vi+1 for all 0 ≤ i ≤ k− 1 are adjacent. The degree of a vertex v is the number of edges incident
to it.
A graph G = (V0 V1, E) is bipartite if V0 V1 = ∅ and E ⊆ {(x, y) | x ∈ V0 and y ∈ V1}. The two independent sets
V0 and V1 are the partite sets of G. For an edge e and a vertex v in a graph G, let G − e and G − v be the graphs obtained
by deleting e and v, respectively. A bipartite graph G = (V0 V1, E) is Hamiltonian laceable if there is a Hamiltonian path
between any two vertices x ∈ V0 and y ∈ V1. G is hyper-Hamiltonian laceable if it is Hamiltonian laceable and for any vertex
v ∈ Vi, there is a Hamiltonian path of G− v between any two vertices in V1−i. We formally define the star graph as follows.
Definition 1. An n-dimensional star graph, denoted by Sn, is a graph (V , E) with the vertex set V (Sn) = {a1a2 · · · an |
a1a2 · · · an is a permutation of 1, 2, . . . , n} and the edge set E(Sn) = {(u, v)| u = u1u2 · · · un and v = uiu2 · · · ui−1u1ui+1
· · · un, where 2 ≤ i ≤ n}.
By Definition 1, there are n! vertices in Sn and each of them is denoted by a permutation of 1, 2, . . . , n. In addition, there
is an edge between two vertices in Sn when the two vertices swap the leftmost (or the first) digit with one of the other n−1
digits. A four-dimensional star graph S4 is illustrated in Fig. 1(a). Obviously, Sn is both bipartite and regular with the common
degree n− 1.
A graph G = (V , E) is k-pancyclic (k ≤ |V |) if it contains cycles of every length from k to |V |, and G is pancyclic if it is
g-pancyclic, where g = g(G) is the girth of G [6]. A graph G is edge-pancyclic if any edge lies on cycles of every length from
g(G) to |V |. Since a bipartite graph contains no odd cycles, the concept of bipancyclicity is proposed. A graph G = (V , E) is
bipancyclic if it contains cycles of every even length from g(G) to |V | if |V | is even or |V | − 1 if |V | is odd [28]. The term
‘‘edge-bipancyclic" can be defined similarly. Note that g(Sn) = 6 for n ≥ 3. A star graph Sn for n ≥ 3 is edge-bipancyclic if for
any edge e, there exist cycles of every even length from 6 to n! containing e.
The following lemmas provide some useful properties for star graphs.
Lemma 1. [34] For any faulty edge subset Fe ⊆ E(Sn) with |Fe| ≤ n− 3, where n ≥ 3, Sn − Fe is edge-bipancyclic.
Lemma 2. For any faulty vertex v′ and any fault-free edge e in S4, there exist cycles of every even length from 6 to 22 in S4 − v′
containing e.
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Fig. 1. (a) S4 . (b) Vertex-renamed star graph S4 .
Proof. Since the star graph is vertex-symmetric, we assume that the faulty vertex v′ is 1234 without loss of generality. For
convenience, we rename all vertices of S4 as shown in Fig. 1(b). Obviously, the edges adjacent to v′ cannot be used, and they
are denoted by dashed lines. We list all cycles of every given length in the second column of Table 2. There are 36 edges in S4
and three of them cannot be used. We prove this lemma by showing that each of the 33 fault-free edges must be contained
in at least one cycle of every even length from 6 to 22 in the third column of the Table2. 
Lemma 3 ([25]). There are n disjoint Sn−1s in Sn for n ≥ 3.
Let S i:jn−1 = {V i:j, E i:j}, where V i:j = {u = u1u2 · · · un| u ∈ V (Sn) and ui = j} and E i:j = {(u, v) ∈ E(Sn)| u, v ∈ V i:j}
for 2 ≤ i ≤ n and 1 ≤ j ≤ n. Clearly, an S i:jn−1 is a subgraph (or substar) of Sn induced by V i:j. When the variable i is fixed,
assuming i = k, we say that the star graph Sn is partitioned over dimension k. We have n distinct substars Sk:1n−1, Sk:2n−1, . . . ,
and Sk:nn−1, and each of them is isomorphic to Sn−1. We call the edges between two arbitrary substars cross edges. For example,
in Fig. 1(a), we can partition S4 over dimension 4 into four S3s, i.e., S4:13 , S
4:2
3 , S
4:3
3 , and S
4:4
3 . The fourth digit of all vertices in
each substar is 1, 2, 3, and 4, respectively. For simplicity, we denote Sn:jn−1 by S
j
n−1 for 1 ≤ j ≤ n. The sets of faulty vertices
and faulty edges in the substar S i:jn−1 are denoted by F jv and F
j
e, respectively. Let F = Fe Fv be the set of faulty elements in
Sn. Note that |F | = |Fe| + |Fv| and |Fv| =∑ni=1 |F iv|.
In [25], Li presented an algorithm to construct n− 2 disjoint paths in Sn as shown in Algorithm 1.
Algorithm 1
Input: k,m, n, where 2 ≤ k ≤ n, n ≥ 4, and 3 ≤ m ≤ n.
Output: (n− 2) disjoint paths of length 2m− 1.
1: Select (n− 2) vertices, say v1, v2, . . . , v(n−2), from V (Sk:mn−1)with the first digit of each vertex equal to 1 ◃ Note that the
kth digit of each vertex ism
2: for i ← 1 to (n− 2) do
3: Pi ← ⟨vi⟩
4: for j ← 2 tom do
5: v ← lastVertex(Pi) ◃ Suppose that v = a1a2 · · · an−1an
◃ lastVertex(Pi) returns the last vertex in Pi
6: Append aka2 · · · ak−1a1ak+1 · · · an−1an to Pi
7: Append ala2 · · · al−1akal+1 · · · an−1an to Pi, where al = j
8: end for
9: u ← lastVertex(Pi) ◃ Suppose that u = b1b2 · · · bn−1bn
10: Append bkb2 · · · bk−1b1bk+1 · · · bn−1bn to Pi ◃ This is the last vertex in Pi
11: end for
12: Output P1, P2, . . . , P(n−2)
Lemma 4 ([25]). Algorithm 1 correctly constructs n − 2 disjoint paths of length 2m − 1 in Sn for n ≥ 4. Each path crosses
Sk:1n−1, S
k:2
n−1, . . . , and S
k:m
n−1, and its endpoints are in S
k:m
n−1, where 3 ≤ m ≤ n. When m = 3 or 4, the endpoints of each disjoint path
are adjacent.
2 For simplicity, we do not show duplicate edges.
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Table 2
Cycles of length 6, 8, . . . , 22 in S4 − v′ .
Proof. Without loss of generality, we assume that k = n. Since there are (n−2)! vertices in Sn:mn−1 with the first digits equal to
1, it is easy to find enough vertices in Sn:mn−1 in line 1. Each Pi ← ⟨vi⟩ is initialized in line 3. In lines 4–8, for each 1 ≤ j ≤ m, there
are two vertices appended into the tail of Pi, and the two vertices are in S
n:j
n−1. After the last iteration of the for-loop (lines 4–8),
the first digit of the last vertex in Pi ism. Therefore, in line 10, the appended vertex is in Sn:mn−1. Since the last vertices of each Pi
in line 5 are distinct, the appended vertices in line 6, 7, and 10 are also distinct. This implies that the n−2paths constructed by
the algorithm are pairwise disjoint. When m = 3, without loss of generality, we assume that 1a2a3 . . . ak−12ak+1 . . . an−13,
where 2 ≤ k ≤ n − 1, is the selected vertex in Sn:3n−1 according to line 1. After running the algorithm, we obtain a path P =⟨1a2a3 . . . ak−12ak+1 . . . an−13, 3a2a3 . . . ak−12ak+1 . . . an−11, 2a2a3 . . . ak−13ak+1 . . . an−11, 1a2a3 . . . ak−13ak+1 . . . an−12,
3a2a3 . . . ak−11ak+1 . . . an−12, 2a2a3 . . . ak−11ak+1 . . . an−13⟩. Clearly, the endpoints of the path P are adjacent. Similarly,
whenm = 4, we can show that the endpoints of each path constructed by the algorithm are adjacent. 
In Lemma 4, the n − 2 disjoint paths are constructed by traversing vertices in substars with a sequence of
Sk:mn−1, S
k:1
n−1, S
k:1
n−1, S
k:2
n−1, S
k:2
n−1, . . . , S
k:m−1
n−1 , S
k:m−1
n−1 , and S
k:m
n−1, as shown in Fig. 2. Note that |E(Pi)

E(Sk:in−1)| = 1 for
1 ≤ i ≤ n − 2 and this edge is a non-cross edge. The non-cross edges within each substar are shown with bold lines in
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Fig. 2. Illustration of (i, p, q)-edges.
Fig. 2. For convenience, we define the non-cross edges in substar Sk:in−1 as a set of (i, p, q)-edges for 1 ≤ i ≤ m − 1. We
formally define the (i, p, q)-edges as follows.
Definition 2 ([34]). The edge set {e1, e2, . . . , e(n−2)!} is a set of (i, p, q)-edges if e1, e2, . . . , e(n−2)! are in the substar Sk:in−1,
where i, p, q are distinct and 1 ≤ i, p, q ≤ n. Moreover, the first digits of the endpoints of these (i, p, q)-edges are p and q,
respectively.
Therefore, the non-cross edges in Sk:1n−1 form the set of (1, 2,m)-edges and the non-cross edges in S
k:2
n−1 are a set of (2, 1, 3)-
edges. Obviously, a set of (i, p, q)-edges is also a set of (i, q, p)-edges because the edges in the star graph are non-directional.
If we select arbitrary n− 2 (1, 2,m)-edges {e1, e2, . . . , en−2} in Sk:1n−1, then we can use Algorithm 1 to generate n− 2 disjoint
paths P1, P2, . . . , Pn−2, each of which has length 2m−1 and crosses through substars Sk:mn−1, Sk:1n−1, Sk:2n−1, . . . , Sk:m−1n−1 , and Sk:mn−1,
so that E(Pi)
{e1, e2, . . . , en−2} = ei for 1 ≤ i ≤ n− 2.
Lemma 5 ([30]). An n-dimensional star graph Sn with |F | ≥ 2 can be decomposed into n substars Sk:1n−1, Sk:2n−1, . . . , Sk:nn−1 such
that each Sk:in−1 contains at most |F | − 1 faulty elements, where 1 ≤ i ≤ n.
Lemma 6 ([30]). For any pair of vertices u, v ∈ V (Sn) and |F | ≤ n− 3, where n ≥ 4, if u and v are in different partite sets, then
there exists a fault-free path of length n! − 2|Fv| − 1 joining them.
3. Main result
In this section, we show our main result as follows.
Theorem 1. For any faulty set F = Fe Fv in Sn with |F | ≤ n − 3 and any fault-free edge e ∈ E(Sn − F), there exist cycles of
every even length from 6 to n! − 2|Fv| in Sn − F containing e, where n ≥ 3.
Proof. The theorem is proved by induction on n.
When n = 3, we have |F | = 0 and hence, the result holds for n = 3 because S3 is a cycle of length 6. When n = 4, we
have |F | = 1 which implies S4 contains either one faulty edge or one faulty vertex. By Lemmas 1 and 2, the result holds for
n = 4. We now consider Sn for n ≥ 5. Without loss of generality, we assume that e = (123 · · · p · · · n, p23 · · · 1 · · · n). By
Lemma 5, we can partition Sn over some dimension k to form n substars Sn−1s such that each substar contains at most n− 4
faulty elements, where 2 ≤ k ≤ n. The cycles of desired length l can be constructed as follows.
Case 1: k ≠ p and e ∈ E(Sk:kn−1). Without loss of generality, we assume that k = n. For simplicity, we denote Sn:nn−1 by Snn−1.
Subcase 1.1: 6 ≤ l ≤ (n− 1)! − 2|F nv |.
By the induction hypothesis, there exist fault-free cycles of every even length from 6 to (n−1)!−2|F nv |
in Snn−1 containing e.
Subcase 1.2: (n− 1)! − 2|F nv | + 2 ≤ l ≤ n! − 2|Fv|.
By Subcase 1.1, we can construct a fault-free cycle Cn of even length ln in Snn−1 containing e, where
(n− 1)! − 2|F nv | − 2 ≤ ln ≤ (n− 1)! − 2|F nv |. By excluding the digit n, we have at most n− 1 different
digits which can be assigned to the first digits of the vertices of Cn. Since ln − 1 ≥ (n− 1)! − 2|F nv | − 3
and ⌈ (n−1)!−2|Fnv |−3C(n−1,2) ⌉ ≥ n−2 for n ≥ 5, theremust exist a pair of positive integers i and j, where i ≠ j and
1 ≤ i, j ≤ n− 1, so that Cn − e contains at least n− 2 (n, i, j)-edges. According to Algorithm 1, we can
construct n− 2 disjoint paths crossingm substars Sn−1s by using each edge in the set of (n, i, j)-edges,
where 3 ≤ m ≤ n. Since |F | ≤ n− 3, there must exist an edge e′ = (i · · · j · · · n, j · · · i · · · n) in Cn − e
such that we can use e′ to construct a fault-free path P∗ of length 2m − 1 by crossing m substars for
3 ≤ m ≤ n.
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Fig. 3. Illustration of the proof of Subcase 1.2.1 in Theorem 1.
Fig. 4. Illustration of the proof of Subcase 1.2.3 in Theorem 1.
Subcase 1.2.1: m = 3. We can construct a fault-free cycle C∗ of length 6 crossing through
Snn−1, S
j
n−1, S
i
n−1, and S
n
n−1, as shown by bold lines in Fig. 3(a). By combining Cn with
C∗ and subtracting e′, we can construct a fault-free cycle of length l = ln + 4, where
(n−1)!−2|F nv |+2 ≤ l ≤ (n−1)!−2|F nv |+4.Moreover, by the induction hypothesis, there
exists a fault-free cycle C i of every even length li in S in−1 with 6 ≤ li ≤ (n− 1)! − 2|F iv|.
Therefore,we can construct a fault-free cycle of length l(= ln+li+2)by combiningCn,C∗,
and C i, as shown in Fig. 3(b), where (n−1)!−2|F nv |+6 ≤ l ≤ 2(n−1)!−2(|F nv |+|F iv|)+2.
Similarly, by adding a fault-free cycle in S jn−1, a fault-free cycle of every even length
2(n− 1)! − 2(|F nv | + |F iv|)+ 4 ≤ l ≤ 3(n− 1)! − 2|Fv| can be constructed3.
Subcase 1.2.2: m = 4. Fault-free cycles of every even length 3(n−1)!− 2|Fv|+2 ≤ l ≤ 4(n−1)!−2|Fv|
can be constructed by using the method similar to that used in Subcase 1.2.1.
Subcase 1.2.3: 5 ≤ m ≤ n. The endpoints of the path P∗ are not adjacent. Let e′ = (v1, v2),
where v1 = i · · · j · · · n and v2 = j · · · i · · · n. As shown in Fig. 4, we can construct a
fault-free path P∗[v0, v2m−1] = ⟨v0, v1, . . . , v2m−1⟩ of length 2m − 1 crossing through
S in−1, S
n
n−1, S
j
n−1, S
3
n−1, S
4
n−1, . . . , S
m−1
n−1 , and S
i
n−1. Let E(P∗)

E(Stn−1) = et for t = j or
3 ≤ t ≤ m − 1. Because the length of path P∗ is 2m − 1 that is odd, the endpoints of
P∗ are in different partite sets. By Lemma 6, we can find a fault-free path P i of length
(n − 1)! − 2|F iv| − 1 in S in−1 between the endpoints v0 and v2m−1. Moreover, by the
induction hypothesis, we can construct a fault-free cycle C t of every even length lt in
Stn−1 containing et with 6 ≤ lt ≤ (n − 1)! − 2|F tv|, where t = j or 3 ≤ t ≤ m − 1.
Therefore, by combining all C ts, Cn, P∗, and P i, and subtracting all ets and e′, we can
construct fault-free cycles of every even length 4(n− 1)! − 2|Fv| + 2 ≤ l ≤ n! − 2|Fv|.
Case 2. k = p and the edge e is a cross edge between Sp:1n−1 and Sp:pn−1. Without loss of generality, we assume that
p = n. Let e = (v1, vn), where v1 = 123 · · · n and vn = n23 · · · 1. Since v1 is incident to n − 2 edges
in Snn−1, we can construct n − 2 internally disjoint paths Pis between v1 and vn crossing Snn−1, S in−1, and S1n−1,
where Pi = ⟨12 · · · i · · · n, i2 · · · 1 · · · n, n2 · · · 1 · · · i, 12 · · · n · · · i, i2 · · · n · · · 1, n2 · · · i · · · 1⟩ for 2 ≤ i ≤
3 In fact, l ≤ 3(n − 1)! − 2(|F nv | + |F iv | + |F jv |). For convenience, we choose 3(n − 1)! − 2|Fv | as the upper bound since 3(n − 1)! − 2|Fv | ≤
3(n− 1)! − 2(|F nv | + |F iv | + |F jv |).
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Fig. 5. Illustration of the proof of Case 2 in Theorem 1.
n − 1. Moreover, since |F | ≤ n − 3, there must exist a fault-free cycle C∗ of length 6 containing e in Sn,
as shown in Fig. 5(a). By the induction hypothesis, there exists a fault-free cycle of every even length from 6
to (n − 1)! − 2|F tv| in Stn−1, where 1 ≤ t ≤ n. By combining at least one of these cycles, fault-free cycles
of every even length 10 ≤ l ≤ 3(n − 1)! − 2|Fv| can be constructed, as shown in Fig. 5(b). Similarly, by
constructing internally disjoint paths Pis between v1 and vn crossing Snn−1, S
i
n−1, S
j
n−1, and S
1
n−1, where Pi =⟨1 · · · i · · · j · · · n, i · · · 1 · · · j · · · n, n · · · 1 · · · j · · · i, j · · · 1 · · · n · · · i, i · · · 1 · · · n · · · j,
1 · · · i · · · n · · · j, j · · · i · · · n · · · 1, n · · · i · · · j · · · 1⟩, where 2 ≤ i, j ≤ n− 1 for i ≠ j, a fault-free cycle C∗ of length 8
containing e can be constructed by traversing 4 substars Sn−1s, as shown by bold lines in Fig. 5(c). Similarly, fault-
free cycles of every even length 3(n − 1)! − 2|Fv| + 2 ≤ l ≤ 4(n − 1)! − 2|Fv| can be constructed, as shown in
Fig. 5(c). For constructing the remaining cycles, we can construct a path P∗ of length 2m− 1 by crossingm substars,
wherem ≥ 5, such that the edge e is the first edge and vn is the first vertex in P∗, as shown by bold lines in Fig. 5(d).
Note that the endpoints of the path P∗ belong to V (S1n−1) which are not adjacent. Since the length of the path P∗ is
odd, the endpoints of P∗ are in different partite sets. By Lemma 6 and the method similar to that used in Subcase
1.2.3, we can construct fault-free cycles of every even length 4(n − 1)! − 2|Fv| + 2 ≤ l ≤ n! − 2|Fv| by traversing
S1n−1, S
n
n−1, S
n−1
n−1 , . . . , S
2
n−1, and S
1
n−1 and properly merging cycles in these substars.
By combining cases 1 and 2, we complete the proof. 
Since Sn = (V0 V1, E) is bipartite with |V0| = |V1|, if the faulty vertices in Fv are all in Vi, then at least |Fv| fault-free
vertices in V1−i must be excluded from any fault-free cycle. Hence, n! − 2|Fv| is the length of a longest fault-free cycle with
respect to the aboveworst case scenario. On the other hand, if there are n−2 faulty edges incident to the same vertex v, then
there is no Hamiltonian cycle visiting v. Therefore, the result described in Theorem 1 is worst-case optimal with respect to
both the longest cycle length and the number of tolerable faulty elements.
4. Embedding longer cycles
In this section, we provide a certain condition fromwhich cycles of every even length from 6 to n!− |Fv|with |F | ≤ n−3
can be embedded. Let V0 and V1 be the two partite sets of Sn, and let F(V0) and F(V1) be the sets of faulty vertices in V0 and
V1, respectively. Clearly, |Fv| = |F(V0)| + |F(V1)|.
Lemma 7 ([26]). Sn − Fe is hyper-Hamiltonian laceable if |Fe| ≤ n− 4, where n ≥ 4.
Lemma 8. Let Sn for n ≥ 5 be an n-dimensional star graph with |F | ≤ n− 3. Also, let Sk:a1n−1, Sk:b1n−1, Sk:a2n−1, Sk:b2n−1, . . . , Sk:amn−1 , Sk:bmn−1
be arbitrary 2m substars such that S
k:aj
n−1 (respectively, S
k:bj
n−1) contains one faulty vertex in F(Vi) (respectively, F(V1−i)) for some
i ∈ {0, 1}, where 2 ≤ k ≤ n and 1 ≤ m ≤ ⌊ n−32 ⌋. Given two vertices s ∈ V (Sk:a1n−1)

Vi and t ∈ V (Sk:bmn−1 )

V1−i, there exists a
faulty-free s-t path covering all the fault-free vertices in these 2m substars.
Proof. Since (n−2)!2 − 2 > n − 5 for n ≥ 5, we can select two distinct vertices sj and s′j in V (S
k:aj
n−1)

Vi and two distinct
vertices tj and t ′j in V (S
k:bj
n−1)

V1−i so that (s′j, tj) for 1 ≤ j ≤ m and (t ′j , sj+1) for 1 ≤ j ≤ m−1 are all fault-free edges, where
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Fig. 6. Illustration of the proof of Lemma 8, where the gray vertices and white vertices belong to different partite sets and the faulty vertices are excluded
from the path.
s = s1 and t = t ′m. By Lemma 7, there are two fault-free Hamiltonian paths Paj [sj, s′j] and Pbj [tj, t ′j ] of length (n − 1)! − 2
in S
k:aj
n−1 and S
k:bj
n−1, respectively, where 1 ≤ j ≤ m. Hence, the desired s-t path can be constructed by combining all Pajs, Pbjs,
(s′j, tj) for 1 ≤ j ≤ m, and (t ′j , sj+1) for 1 ≤ j ≤ m− 1 (see Fig. 6). 
Theorem 2. For any fault-free edge e and any faulty set F = Fv Fe in Sn (n ≥ 5) with |F | ≤ n− 3, there exist cycles of every
even length from 6 to n! − |Fv| in Sn − F containing e if the following conditions hold:
(i) |F(V0)| = |F(V1)|.
(ii) There exists a partition over some dimension p, where 2 ≤ p ≤ n, such that each substar either contains at most one faulty
vertex or contains e (i.e., e is a non-cross edge).
Proof. Since |F(V0)| = |F(V1)| and |F | ≤ n− 3, |Fv| = 2m for 0 ≤ m ≤ ⌊ n−32 ⌋. We have the following two cases.
Case 1: |F(V0)| = |F(V1)| = 0; hence, |Fv| = 0 and |Fe| ≤ n− 3. By Theorem 1, there exist cycles of every even length from
6 to n! in Sn − F containing e for any e ∈ E(Sn − F).
Case 2: |F(V0)| = |F(V1)| ≥ 1. Since |Fv| ≥ 2, |Fe| ≤ n − 5. Without loss of generality, we assume that p = n. Let
|F(V0)| = |F(V1)| = m and q = n− 2m. Note that there are q vertex-fault-free substars and one of them contains e.
Without loss of generality, we assume that S1n−1, S
2
n−1, . . . , S
q
n−1 are the q vertex-fault-free substars; hence, each of
Sq+1n−1, S
q+2
n−1, . . . , S
n
n−1 contains exactly one faulty vertex. The cycles of desired length l can be constructed as follows.
Case 2.1. 6 ≤ l ≤ n! − 2|Fv|
By Theorem 1, the cycles of desired length can be constructed.
Case 2.2. n! − 2|Fv| + 2 ≤ l ≤ n! − |Fv|
Without loss of generality, we assume that Sqn−1 contains the fault-free edge e.
Subcase 2.2.1: q = 3; hence, n is odd because n = q+2m. By Theorem 1, we can construct a fault-free cycle
C3 of length (n−1)! in S3n−1 containing e. With the proof similar to that used in Subcase 1.2.1
of Theorem 1, there exists a cycle C∗ of length 6 crossing through S1n−1, S
2
n−1, and S
3
n−1 such
that E(C∗)

E(Skn−1) = ek for k = 1, 2, 3 and e3 ≠ e (see Fig. 7(a)).Moreover, by Theorem1,
there exists a cycle C1l of every even length from (n − 1)! − (|Fv| − 2) to (n − 1)! in S1n−1
and a cycle C2 of length (n− 1)! in S2n−1, respectively, so that e1 ∈ E(C1) and e2 ∈ E(C2). Let
e′ = (u, v) ∈ E(C3) and e′ /∈ {e, e3}. It is not difficult to find two fault-free edges es = (u, s)
and et = (v, t), where s ∈ V (S in−1) and t ∈ V (S jn−1) for 4 ≤ i, j ≤ n and i ≠ j. Since u and
v are in different partite sets, s and t are also in different partite sets. Hence, by Lemma 8,
there is a fault-free s-t path P[s, t] covering all the fault-free vertices in S4n−1, S5n−1, . . . , Snn−1.
By combining P , es, et , C1l , C
2, C3, and C∗, and subtracting e′, e1, e2, and e3, we can construct
fault-free cycles of every even length n! − 2|Fv| + 2 ≤ l ≤ n! − |Fv|.
Subcase 2.2.2: q = 4. With the method similar to that used in Case 2.2.1, fault-free cycles of every even
length n! − 2|Fv| + 2 ≤ l ≤ n! − |Fv| can be constructed.
Subcase 2.2.3: q > 4. By Theorem 1, a fault-free cycle Cq of length (n − 1)! in Sqn−1 containing e
can be constructed (see Fig. 7(b)). With the technique similar to that used in Subcase
1.2.3 of Theorem 1, we can construct a path P∗[x, y] of length 2q − 1 crossing through
S1n−1, S
q
n−1, S
2
n−1, S
3
n−1, . . . , S
q−1
n−1 , and then S
1
n−1 such that E(P∗)

E(Skn−1) = ek for 2 ≤ k ≤ q
and eq ≠ e. Let e′ = (u, v) ∈ E(Cq) and e′ /∈ {e, eq}. It is not difficult to find two fault-free
edges es = (u, s) and et = (v, t), where s ∈ V (S in−1) and t ∈ V (S jn−1) for q + 1 ≤ i, j ≤ n
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Fig. 7. Illustration of the proof of Theorem 2, where the gray vertices and white vertices belong to different partite sets and the faulty vertices are excluded
from the cycle.
and i ≠ j. Since u and v are in different partite sets, s and t are also in different partite
sets. Hence, by Lemma 8, there is a fault-free s-t path P[s, t] covering all the fault-free
vertices in Sq+1n−1, S
q+2
n−1, . . . , S
n
n−1. On the other hand, since the length of P∗[x, y] is odd, x
and y are in different partite sets. Hence, by Lemma 6, there is a path P1[x, y] of length
(n − 1)! − 1 in S1n−1. Moreover, by Theorem 1, we can construct a cycle C2l of every even
length (n − 1)! − (|Fv| − 2) ≤ l ≤ (n − 1)! in S2n−1 containing e2 and construct fault-free
cycles Ck of length (n− 1)! in Skn−1 containing ek for 3 ≤ k ≤ q− 1. Hence, by combining P1,
C2l , C
3, C4, . . . , Cq, and P∗, and subtracting all eks and e′, we can construct fault-free cycles
of every even length n! − 2|Fv| + 2 ≤ l ≤ n! − |Fv|.
By combining Cases 1 and 2, we complete the proof. 
5. Concluding remarks
In this paper, we have shown that every edge e ∈ E(Sn − F) lies on fault-free cycles of every even length from 6 to
n! − 2|Fv| in Sn with at most n − 3 faulty elements. Moreover, when all the faulty vertices are evenly distributed in each
partite sets and substars, we can also show that longer fault-free cycles of even length from n! − 2|Fv| + 2 to n! − |Fv| can
be constructed.
Cycles (rings), the most fundamental class of network topologies for parallel and distributed computing, are suitable
for designing simple algorithms with low communication costs. Numerous efficient algorithms based on rings for solving
various algebraic problems and graph problems can be found in [3,24]. These algorithms can also be used as control/data
flow structures for distributed computing in arbitrary networks. Our result shows that these algorithms designed on cycles
can be executed well on Sn with at most n− 3 faulty elements.
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